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1.
$X$ $\theta$
Johnson $(1967\mathrm{a}, 1967\mathrm{b}, 1970)$ $\theta$ 1
Cox and Reid (1987) $\theta’=(\theta_{1}’, \theta_{2}’)$ $\theta_{1}$ 1 $\theta_{2}$
parameter orthogonality Ghosh
and Mukerjee (1992) $\theta_{1}$ $\theta_{2}$ 1 parameter orthogonality
Cox-Reid
DiCiccio and Stern $(1993, 1994)$ $\theta_{1},$ $\theta_{2}$ Ghosh and Mukerjee




$X=[x_{1}, x_{2}, \cdots, x_{n}]$ : $f(x$ ; $n$
random sample,
$\pi(\theta)$ : $\theta$ , $L( \theta)=\sum_{\alpha=1}^{n}\log f(x;\theta)$ : ,
$\hat{\theta}:\theta$ , $\hat{\mathrm{Y}}=-\frac{1}{n}\frac{\partial^{2}L}{\partial\theta\partial\theta’}|_{\hat{\theta}}$ ( 1 ) ,
$\hat{\mathrm{Y}}\ldots=(\frac{1}{n}\frac{\partial^{3}L}{\partial\theta_{\dot{l}}\partial\theta_{j}\partial\theta_{k}}|_{\hat{\theta}})$ , $\hat{\mathrm{Y}}\ldots.=(\frac{1}{n}.\frac{\partial^{4}L}{\partial\theta_{1}\partial\theta_{j}\partial\theta_{k}\partial\theta_{l}}|_{\hat{\theta}})$ ,
$\hat{\pi}=\pi(.)$ , $\frac{\partial^{k}\hat{\pi}}{\partial\theta^{k}}=(.\frac{\partial^{k}\pi}{\partial\theta_{1}\cdots\partial\theta_{1},1k}.|_{\dot{\theta}})$, $k=1,2,3$,
$h=\sqrt{n}(\theta-\hat{\theta})$ , $\mathrm{i}.\mathrm{e}.$ , $\theta=\hat{\theta}+h/\sqrt{n}$
vector : $a=(a_{1}, a_{2}, \cdots, a_{p})’,$ $b,$ $c,$ $\cdots$ , etc. ,







$\mathrm{Y}\ldots\circ a$ $\circ b=(\sum_{j,k}y_{ijk}a_{j}b_{k})\cdots\cdots\cdots$ . vector,
$\mathrm{Y}\ldots\circ a=(\sum_{k}y_{ijk}a_{k})\cdots\cdots\cdots$ . $p\mathrm{I}\mathrm{J}$ ,
$\mathrm{Y}\ldots\circ A$ $\circ B(\mathrm{Y}\ldots\circ C)=\sum y_{\dot{\iota}jk}y_{pqr}a_{\dot{l}j}b_{kp}c_{q\mathrm{r}}$ , $\mathrm{Y}\ldots*A*B*C*\mathrm{Y}\ldots=\sum y_{1jk}.y_{pqr}a_{1p}.b_{jq}c_{kr}$,
$\mathrm{Y}\ldots(*A)^{3}*\mathrm{Y}\ldots=\sum y_{\dot{\iota}jk}y_{\mathrm{p}q\mathrm{r}}a_{1p}.a_{jq}a_{kt}$ , $\mathrm{Y}\ldots.\mathrm{o}$ $A \circ B=\sum y_{1jkl}.a_{\dot{l}j}b_{kl}$ , etc.
2.2
$X$ $\theta$




$G_{1}$ $=$ $\frac{1}{6}\hat{\mathrm{Y}}\ldots(\circ h)^{3}+\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta’}h$,
$G_{2}$ $=$ $\frac{1}{24}\hat{\mathrm{Y}}\ldots.(\circ h)^{4}+\frac{1}{72}\{\hat{\mathrm{Y}}\ldots(\circ h)^{3}\}^{2}$
$+ \frac{1}{6}\hat{\mathrm{Y}}\ldots(\circ h)^{3}\cdot\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta’}h+\frac{1}{2}\frac{1}{\hat{\pi}}h’\frac{\partial^{2}\hat{\pi}}{\partial\theta\partial\theta’}h-\frac{1}{8}\hat{\mathrm{Y}}\ldots.(\circ\hat{\mathrm{Y}})^{2}$
$- \frac{1}{24}\{3\hat{\mathrm{Y}}\ldots 0\hat{\mathrm{Y}}^{-1}0\hat{\mathrm{Y}}^{-1}(\hat{\mathrm{Y}}\ldots 0\hat{\mathrm{Y}})+2\hat{\mathrm{Y}}\ldots(*\hat{\mathrm{Y}}^{-1})^{3}*\hat{\mathrm{Y}}\ldots\}$
$- \frac{1}{2}\hat{\mathrm{Y}}\ldots 0\hat{\mathrm{Y}}^{-1}0\hat{\mathrm{Y}}^{-1}\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}-\frac{1}{2}\frac{1}{\hat{\pi}}tr\frac{\partial^{2}\hat{\pi}}{\partial\theta\partial\theta’}\hat{\mathrm{Y}}^{-1}$.
$\theta’=(\theta_{1}’, \theta_{2}’),$ $\theta_{1}’=(\theta_{1}, \theta_{2}, \cdots, \theta_{p-q}),$ $\theta_{2}’=(\theta_{p-q+1}, \cdots, \theta_{p})$ . $\theta_{1}$ ,
$h_{1}’=$ ( $h_{1},$ $\cdots$ , hp-q) $\pi(h_{1}|X)$
(2) $\pi(h_{1}|X)=N_{p-q}(0,\hat{\mathrm{Y}}_{11\cdot 2}^{-1})\{1+\frac{P_{1}}{\sqrt{n}}+\frac{P_{2}}{n}+o(\frac{1}{n})\}$ .
21
$-\vee C’C_{\backslash }^{\backslash }\backslash \hat{\mathrm{Y}}_{11\cdot 2}=\hat{Y}_{11}-\hat{\mathrm{Y}}_{12}\hat{Y}_{22}-1\hat{Y}_{21}-C^{\backslash \backslash }\hslash o_{0}$


















(Bickel and Ghosh (1990),
Ghosh and Mukerjee(1992), DiCiccio and Stern $(1993,1994)$ , etc)
$\lambda=2[L(\hat{\theta}_{1},\hat{\theta}_{2})-L(\theta_{1},\tilde{\theta}_{2}(\theta_{1}))]$
.,










$\lambda_{1}$ $=$ $- \frac{1}{3}\hat{\mathrm{Y}}\ldots(\circ\tilde{h})^{3}$ ,
$\lambda_{2}$ $=$ $- \frac{1}{4}\hat{\mathrm{Y}}_{2}..(\circ\tilde{h})^{2}\circ\hat{\mathrm{Y}}_{22}^{-1}(\hat{\mathrm{Y}}_{2}..(\circ\tilde{h})^{2})-\frac{1}{12}\hat{\mathrm{Y}}\ldots.(\circ\tilde{h})^{4}$ .
$\lambda$
(3) $M_{\lambda}(t)$ $=$ $E[\exp(t\lambda)]$
$=$ $(1-2t)^{-[p-q)/2} \{1+\frac{A}{n}(\frac{1}{(1-2t)}.-1)+o(\frac{1}{n})\}$ ,
$A=A(\hat{\mathrm{Y}}^{-1})-A(\hat{Z})$ ,


















(4) $M_{R}(t)$ $=$ $E[\exp(tR)]$
$=$ $(1-2t)^{-(p-q)/2} \{1+\frac{1}{n}\sum_{\alpha=0}^{3}\frac{a_{\alpha}}{(1-2t)^{\alpha}}+o(\frac{1}{n})\}$ ,
$a_{3}$ $=$ $\frac{1}{24}\{3\hat{\mathrm{Y}}\ldots 0\tilde{\Sigma}0\Sigma(\hat{\mathrm{Y}}..0\tilde{\Sigma})\sim.+2\hat{\mathrm{Y}}\ldots(*\Sigma)^{3}*\hat{\mathrm{Y}}..\}\sim.$ ,
$a_{2}$ $=$ $\frac{1}{8}\{\hat{\mathrm{Y}}\ldots 0\tilde{\Sigma}0\hat{\mathrm{Y}}^{-1}(\hat{\mathrm{Y}}\ldots 0\tilde{\Sigma})+2\hat{\mathrm{Y}}_{2}..\circ\tilde{\Sigma}0\hat{\mathrm{Y}}_{22}^{-1}(\hat{\mathrm{Y}}_{2}..0\tilde{\Sigma})$
$+2\hat{\mathrm{Y}}\ldots\circ\tilde{\Sigma}0\Sigma(\hat{\mathrm{Y}}_{22}0\hat{\mathrm{Y}}_{22}^{-1})\}\sim$.
$+ \frac{1}{4}\{\hat{\mathrm{Y}}\ldots(*\Sigma)^{2}*\hat{\mathrm{Y}}^{-1}*\hat{\mathrm{Y}}..+2\hat{\mathrm{Y}}_{2}(^{\sim}*\Sigma)^{2}*\hat{\mathrm{Y}}_{22}^{-1}*\hat{\mathrm{Y}}_{2}\}\sim.\cdot..$.
$+ \frac{3}{8}\hat{\mathrm{Y}}\ldots$ . $(0^{\sim} \Sigma)^{2}+\frac{1}{2}\hat{\mathrm{Y}}\ldots 0\tilde{\Sigma}0\Sigma\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}\sim$
















$W^{\text{ }}$ $=n(\hat{\theta}_{1}-\theta_{1})’K_{11\cdot 2}(\theta_{1},\tilde{\theta}_{2}(\theta_{1}))(\hat{\theta}_{1}-\theta_{1})$
$W$
$W= \tilde{h}’\hat{\mathrm{Y}}\tilde{h}+\frac{1}{\sqrt{n}}W_{1}+\frac{1}{n}W_{2}+o_{p}(\frac{1}{n})$ ,
$W_{1}$ $=$ $-\hat{\mathrm{Y}}\ldots(\circ\tilde{h})^{3}$ ,




$b_{3}$ $=$ $\frac{1}{6}\{3\hat{\mathrm{Y}}\ldots\circ\tilde{\Sigma}0\Sigma(\hat{\mathrm{Y}}..\circ\tilde{\Sigma})+2\hat{\mathrm{Y}}..(*\Sigma)^{3}*\mathrm{Y}..\}\sim..\sim.$ ,








$+ \frac{1}{8}\hat{\mathrm{Y}}_{22}$ . $\circ\hat{\mathrm{Y}}_{22}^{-1}\circ\Sigma(\hat{\mathrm{Y}}_{22}\circ\hat{\mathrm{Y}}_{22}^{-1})+\frac{1}{4}\hat{\mathrm{Y}}_{22}*\tilde{\Sigma}(*\hat{\mathrm{Y}}_{22}^{-1})^{2}*\hat{\mathrm{Y}}_{22}\sim..$.
$+ \frac{1}{4}\hat{\mathrm{Y}}\ldots.(^{\sim}\circ\Sigma)^{2}+\frac{3}{2}\hat{\mathrm{Y}}\ldots 0\tilde{\Sigma}0\Sigma\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}\sim$
$+ \frac{1}{2}\hat{\mathrm{Y}}_{22}$ . $\circ\hat{\mathrm{Y}}_{22}^{-1}\circ\Sigma\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}+\frac{1}{2}\hat{\mathrm{Y}}_{2}0\tilde{\Sigma}0\hat{\mathrm{Y}}_{22}^{-1}\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}\sim.$.
$+ \frac{1}{2}\frac{1}{\hat{\pi}}tr\frac{\partial^{2}\hat{\pi}}{\partial\theta\partial\theta’}\Sigma\sim$ ,
$b_{0}$ $=$ $-(b_{1}+b_{2}+b_{3})$ .
DiCiccio and Stern (1993) Wald $W=n(\hat{\theta}-\theta)’\mathrm{Y}(\hat{\theta})(\hat{\theta}-\theta)=$
$h’\hat{\mathrm{Y}}h$
$W^{*}=n(\hat{\theta}_{1}-\theta_{1})’\mathrm{Y}_{11\cdot 2}(\hat{\theta})(\hat{\theta}_{1}-\theta_{1})$








$\hat{y}_{(2)}=-\frac{1}{n}\frac{\partial^{2}L}{\partial\theta^{2}}|_{\hat{\theta}}$ , $\hat{y}_{(3)}=\frac{1}{n}\frac{\partial^{3}L}{\partial\theta^{3}}|_{\hat{\theta}}$ , $\hat{y}_{(4)}=\frac{1}{n}\frac{\partial^{4}L}{\partial\theta^{4}}|_{\hat{\theta}}$
$\sqrt{\lambda}$
(6) $f_{\sqrt{\lambda}}(x)$ $=$ $\phi(x)[1+\frac{\overline{a}_{1}}{\sqrt{n}}+\frac{\overline{a}_{2}}{n}+o(\frac{1}{n})]$ ,
$\overline{a}_{1}$ $=$ $-H_{1}(x) \{\frac{1}{3}\frac{\hat{y}_{(3)}}{(\hat{y}_{(2)})^{3/2}}+\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}\frac{1}{\hat{y}_{(2)}}\}$ ,
$\overline{a}_{2}$ $=$ $H_{2}(x) \{\frac{5}{24}\frac{(\hat{y}_{(3)})^{2}}{(\hat{y}_{(2)})^{3}}+\frac{1}{8}\frac{\hat{y}_{(4)}}{(\hat{y}_{(2)})^{2}}+\frac{1}{2}\frac{\hat{y}_{(3)}}{(\hat{y}_{(2)})^{2}}\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}+\frac{1}{2}\frac{1}{\hat{y}_{(2)}}\frac{1}{\hat{\pi}}\frac{\partial\hat{\pi}}{\partial\theta}\}$ .
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$\text{ }\llcorner^{\sim}C\acute{\kappa}\ovalbox{\tt\small REJECT} \text{ _{}\grave{\mathrm{J}}}\mathrm{E}\text{ }7\pi 7\text{ ^{}\prime}\#\mathrm{h}_{\text{ }}$
$\sqrt{R}=-\sqrt{\hat{y}_{(2)}}h-\frac{h^{3}}{n}\{\frac{1}{8}\frac{(\hat{y}_{(3)})^{2}}{(\hat{y}_{(2)})^{3/2}}+\frac{1}{12}\frac{\hat{y}_{(4)}}{(\hat{y}_{(2)})^{1/2}}\}+o_{p}(\frac{1}{n})$
$\sqrt{R}$
(7) $f_{\sqrt{R}}(x)$ $=$ $\phi(x)[1+\frac{\overline{b}_{1}}{\sqrt{n}}+\frac{\overline{b}_{2}}{n}+o(\frac{1}{n})]$ ,








(8) $f_{\sqrt{w}}=$ $\phi(x)[1+\frac{\overline{c}_{1}}{\sqrt{n}}+\frac{\overline{c}_{2}}{n}+o(\frac{1}{n})]$ ,
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